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Given a universal binary countable homogeneous structure U and n € w, there is a partition
of the induced n-element substructures of U into finitely many classes so that for any
partition Cy,C1,...,Cm—1 of such a class @ into finitely many parts there is a number
k€m and a copy U of U in U so that all of the induced n-element substructures of U*
which are in Q) are also in Cj.

The partition of the induced n-element substructures of U is explicitly given and a
somewhat sharper result as the one stated above is proven.

1. Introduction

The Rado Graph R=(R;E) is the countable universal homogeneous graph.
It is a countable graph with the defining property that for every finite set
F C R of vertices of the Rado graph and partition of F' into the classes A
and B there is a vertex x of the Rado graph which is adjacent to all vertices
in A and not adjacent to any of the vertices in B. The injection f: R— R
is an embedding of the Rado graph if x adjacent to y if and only if f(x)
adjacent to f(y) for all vertices x,y € R. The image of an embedding of R is
a copy of R.

It is just an exercise in the consequences of the defining property of the
Rado graph, to show that the Rado graph is indivisible. That is, that for
every partition A, B of the the vertices R of the Rado graph there exists a
copy R*=(R*, E*) of the Rado graph so that R*C A or R*C B.
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How can we generalise this result to m-element subsets of R? Let us
consider the case n = 2. We could then ask the following question: If we
colour the edges of the Rado graph with two colours, is there always an
edge incidence preserving function of the edges to the edges so that all of
the edges in the image of that function have the same colour? Note that such
a function can map a triangle to a star. If the answer is yes, we could then
say that the set of edges is indivisible. We do not consider this question. In
this paper we stay within the category of embeddings of the ground set of
the Rado graph to the ground set of the Rado graph.

Our aim is to extend the partition results of Erdés, Hajnal and Posa,
see [4], and of Pouzet and Sauer, see [7], dealing with two element subsets of
the Rado graph to n-element subsets of the Rado graph and similar binary
universal structures.

It is proven in [7] that there exists a partition of the two element subsets
of the Rado graph into four equivalence classes. Two equivalence classes of
edges and two equivalence classes of non-edges. If the two element subsets in
any of the four classes is coloured with two colours, then there exists a copy
of the Rado graph in which all of the coloured edges have the same colour.
It is also shown there that this partition of the two element subsets of the
Rado graph is best possible. It follows via standard arguments that if the two
element subsets of the Rado graph are coloured with n € w colours then there
exists a copy of the Rado graph in which only four of the colours appear,
that is in which each of the classes of two element subsets is monochromatic.

Given a subset @ C [R]™ of the n-element subsets of the base set R of
the Rado graph. We say that Q is indivisible if for every colouring of the
elements of () with two colours there is a copy C of R in R so that [C]"NQ
is coloured with only one of the two colours. This notion of indivisible is by
now quite accepted. (The use of indivisible as defined might be misleading.
It does not mean that for every colouring of the elements of @) with two
colours there is a function of () into (), which in some sense preserves the
structure of @), and whose image is monochromatic.)

Naturally then the question arises to describe the different types of three
element subsets of the Rado graph to obtain a partition into indivisible
classes. We will provide an answer to this problem in the more general case
of n element subsets. In fact we will define, for every n € w, a partition of
the n-element subsets of R into finitely many classes, so that each of the
classes is indivisible. This result will provide the basis of a subsequent paper
together with Laflamme and Vuksanovic in which we will prove that this
partition is indeed best possible and in which we will use the present result
to obtain a generalisation to infinitely many colours.
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To define the different indivisible n-element types some properties of
sets of finite sequences have to be defined. The results deal with the more
general case of universal binary countable homogeneous structures. In the
next section we will define those, make some general remarks on canonical
partitions of relational structures, look at sets of finite sequences and state
the result.

2. The result

Let £ ={FE;|i€n € w} be a finite list of binary relation symbols. The
binary relational structure A with base set A is of type £ if each relation
symbol R € £ has an interpretation as a binary relation Ry on A. Let A
and B be two relational structures of type £. The injection f: A— B is an
embedding of A into B if xRay if and only if f(x)Rpf(y) for all z,y € A
and all R € £. An isomorphism of A to B is a bijective embedding. Those
definitions of embedding and isomorphism extend in the obvious way to
relational structures of arbitrary arity.

The £ structure A is an induced substructure of the £ structure B if the
identity map of A is an embedding of A into B. If C' C B then the substructure
of B induced by C is the £ structure C with base set C' which is an induced
substructure of B. The structure A* is a copy of A in B if there exists an
embedding f of A into B so that the substructure of B induced by f[A] is
isomorphic to A*. (f[A]:={f(a)|a€ A}.)

We will use the notation A = (A;£) to indicate that A is a structure
of type £ with base set A. Let A = (A;£) and = € A. Then A —z is the
substructure of A induced by the set A\ {z}.

Let A=(A;£) be a relational structure. Let @ be a set of finite subsets
of A. The set @Q is indivisible within A if for every partition Cy,C4,...,Cp1
of @ into m € w subsets there exists a copy A*=(A*;£) of A in A so that
all of the subsets of A* which are in @) are in C}.

The obvious first question then is whether the set of all n-element subsets,
which induce a given substructure, is indivisible. It turns out that even for
the set of one element subsets this is seldom the case. Hence the question
becomes, given a relational structure A, is there a partition of the n-element
subsets of A into a finite number of classes each of which is indivisible.

The results of this paper apply not just to the Ramsey graph but to
the more general countable universal binary structures. Let F be a set of
relational structures of type £ whose base set is the set {0,1} and with the
property that if A and B are two isomorphic relational structures in the
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language £ and set of elements {0,1} then either both are in F or neither
one of the two is in F. Such a set F is a universal constraint set.

Let F be a universal constraint set. The relational structure A= (A, %)
satisfies the constraint set F if:

1. For any two elements x,y € A with x #y the substructure of A induced
by the set {x,y} is isomorphic to one of the elments in F.

2. R(z,z) does not hold in A for any relation symbol R € £ and any element
x € A. (This condition says that if A saitisfies the constraints then it does
not have any “loops”.)

The countable relational structure Up = (U, £) is universal of type £
under the constraints F if it satisfies the constraints F and has the following
mapping extension property:

Definition 2.1 (mapping extension property). For every finite rela-
tional structure A = (A;£) which satisfies the constraints F and every ele-
ment z in A and every embedding f of A —z into Ug there is an extension
of f to an embedding of A into U.

Universal structures are special cases of homogeneous structures, see [10]
for a more detailed description. Starting with a paper by Komjath and
Rodl [5], vertex partitions of homogeneous structures have been quite ex-
tensively studied, see [2], [3], [12]. Edge partitions of the Rado graph and
the triangle free countable homogeneous graph are quite well understood,
see [4], [7], [8]. The partition theory of the order structure of the rationals
is completely solved, see [1] and [13].

In order to state the result we have to represent the elements of relational
structures by sequences and have to define some notions for sets of finite
sequences.

Let n,m € w. We denote, for m € w+ 1, by "m the set of all sequences
5 =(50,51,-.-,5n—1) of length n with entries s; in m. Let T, := U, "w.
If s=1(s0,51,--.,5n—1) € T, we denote by |s| =n the length of s and write
either s; or s(i) to denote the i’s entry of the sequence s. The sequence ¢ is
an initial segment of the sequence s, written t C s, if |¢t| <|s| and t;=s; for
every i €|t|. We write t Cs if ¢ is an initial segment of s or ¢ is equal to s.

Given two sequences s and t we denote by sAt, the meet of s and ¢, the
longest sequence which is an initial segment of s and an initial segment of
t. If t Cs then sAt=t. The meet of two sequences always exists, it might be
the empty sequence. Let SC T, be a set of sequences. The set closure(S) is
the set S union the set of all meets of elements in S.
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Let s,t € ¥,. Let S C %, and t€.S. The sequence s is an immediate
successor of t in S if t Cs and there is no element r€ S with t Cr Cs. The
degree of t in S is the number of immediate successors of ¢ in S.

The set S of sequences is an antichain if x Cy implies x =y for all z,y € S.
The set S of sequences is transversal if |x|=|y| implies z=y for all z,y € S.

Definition 2.2. The set F'C %, of sequences is diagonal if it is an antichain
and closure(F') is transversal and the degree of every element of closure(F)
is at most two.

Definition 2.3. Let s,t €%, then z <y if x and y are imcomparable under
C and z(|zAy|)<y(JzAy|). (Note that < is not a total order.)

Definition 2.4. Let R,5C%, be two sets of sequences. The function f of
R to S is a similarity of R to S if for all x,y,z,ue R:

1. f is a bijection.

xAyCzAw if and only if f(z)A f(y) Cf(2)A f(u).
Ayl <|eAul it and only if | £(z) A ()] < £ () A F (0]
It o] > 2] then =(|a]) = £ ()([f (2)]).

If x <y then f(z)=<f(y).

The following might be helpful: Let R and S be two meet closed sets of
sequences which are similar. Visualize both of them as planar tree drawings
with the root at the bottom. Larger entries of a sequence make the corre-
sponding branch turn further to the right. There are levels in the tree R
which contain elements of R and levels which do not. The same for S. The
trees R and S are “equal” after disregarding in R the levels which do not
contain elements of R and in S levels which do not contain elements of S.

The sets R and S of sequences are similar, R~ S, if there is a similarity of
R to S. Note that if R is diagonal and R and S are similar then S is diagonal.
We denote by Simp(S) the set of all subsets of R which are similar to S.
The function f of R into ¥, is a similarity embedding if f is a similarity of
R to f[R].

Note that Item 1. of Definition 2.4 follows from Item 2. and that the
composition of similarities is again a similarity and the inverse of a similarity
is again a similarity. Hence ~ is an equivalence relation on T,.

In the next paragraphs we establish a correspondence between sets of
sequences and universal binary structures.

Let Let F be a universal constraint set with |F|=k€w and A a bijection
of F to k. We say that X is a labeling of F. Let Up = (U; £) be a universal
countable binary relational structure with constraints F. Let (u;;i € w) be
an enumeration of the elements of U.

Cr N
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For every pair (uy,u,,) with n<m let u(up,uy,):=F€F be the structure
in F for which the function mapping 0 to u, and 1 to u,, is an isomorphism
of F to the substructure of Ug induced by {uy,uy, }.

We associate with every element u, of U a sequence o, of length n so
that for every ¢ € n the i’s entry oy, (7) := A((un, un,)). If F' is a subset of
U then o(F):={o,|z€F}. If F and G are two subsets of U then F ~G if
o(F)~o(G) and F is diagonal if o(F) is diagonal. The sets F' and G are
similar if F'~G. For RCU we denote by Simp(F') the set of subsets G of
R with F'~G. Note that ~ is an equivalence relation which partitions [U]"
into finitely many similarity classes for every new.

Let T be the subtree of T, consisting of all sequences with entries in
k = |F|. We define a relational structure of type £ on T to obtain the
relational structure Ty = (7, £) as follows: Let ¢ and s be two sequences in
T with |t| > |s|. Let F € F be such that A\(F) = ¢(|s|). Then the function
which maps 0 to s and 1 to ¢ is an isomorphism of the structure F to the
substructure of Tg induced by the set {s,t}. It follows that o is an isomorphic
embedding of Uy into Tg.

Let Up =(U; £) be a universal countable binary relational structure. The
notions of similarity between subsets of U and of a subset of U being diagonal
depend on the enumeration. We always assume that U is enumerated into
an w sequence and that the notions of similar and diagonal are relative to
this fixed enumeration.

The injection f of Up = (U,£) into Ug is a diagonalization of Ug if
f[U] is diagonal and f[F] ~ F for every diagonal subset F' of U. Let f
be a diagonalization of Ug. The copy of U induced by f[U] is a diagonal
representation of U.

Let f be a diagonalization of Up and n < m € w. The set {up,un} is
a diagonal subset of U. It follows that pu(un,um) = pu(f(un), f(um)) and
hence that f is an isomorphic embedding of Ug into Ug. (oy,, (|ow,|) =
% f ) T p ) 1))

Hence every diagonal representation of Ug is isomorphic to Ug. That is,
every diagonalization of Ug is an embedding of Uy into Ug. It follows that
if a diagonal representation of Ug has a partition of it’s n-element subsets
into finitely many indivisible classes then Uy has a partition of it’s n-element
subsets into finitely many indivisible classes.

We will prove in Section 7:

Theorem 2.1. Let U= (U;£) be a universal countable binary relational
structure and F a finite diagonal subset of U. Let Cy,C1,...,Cy—1 be a
partition of Simy (F) into equivalence classes.
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Then there exists k € m and a diagonalization f of U into U so that
Simf[U] (F)CCy.

Corollary 2.1. Let U= (U;£) be a universal countable binary relational
structure and F a finite diagonal subset of U. The set Simy; (F') is indivisible.

Corollary 2.2. Let V=(V;£) be a diagonal representation of the universal
countable binary relational structure U = (U;£) and F a finite diagonal
subset of V. Let Cy,C1,...,Cpn—1 be a partition of Simy (F') into equivalence
classes.

Then there exists k € m and a diagonalization f of V into V so that
Simf[v] (F)CCy.

Proof. Let |F|=n and let h be a diagonalization of U so that h[U] =V.
For iem let C]={G eSimy(F)|h|G]€C;}. The sets C! form a partition of
Simy (F'). According to Theorem 2.1 there is a diagonalization g of U and
kem so that Simg(F)CCy.

The set g[U] is diagonal and hence every subset of g[U] is diagonal. It
follows that G € Simy,gp)(F) if and only if there is G’ € Simg(y(F) with
h|G'] = G. The diagonalization h maps elements of C}, to elements in Cl.
Let f=hog restricted to V. 1

Corollary 2.3. Let V=(V;£) be a diagonal representation of the universal
countable binary relational structure U= (U; £) and let n €w. The n element
subsets of V' and hence the n-element subsets of U have a partition into
finitely many indivisible equivalence classes.

3. Prelimiaries

Let s,t €%, and t Cx. We will write s as (t; 5y, S|¢|+1;- -, 5|s|-1)- In particular
(t;1) for t € %, and | € w denotes the sequence s of length |¢[+1, initial segment
t and sy =s|5j—1 =I. The set S is closed under initial segments if for every
s€ S and i € |s| the sequence t € S with ¢t Cs and |t| =1 is also an element
of S.

Let S and T be two meet closed subsets of T, and f:5—T a function
of S to T. The function f is meet preserving if f(sAr)= f(s)A f(r) for any
two elements s and 7 of S. If f is meet preserving and an injection then f~!
is meet preserving and x Cy if and only if f(z)C f(y).

The set T'C T, of finite sequences is an w-tree if it is nonempty, closed
under initial segments, has no endpoints and every element of T has finite
degree. Note that every w-tree is closed under meet. The subset D of T is
cofinal in T if for every t €T there is an element de€ D with t Cd.
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The sequence [ is monotone if l; < I; for all 4,5 € || with ¢ < j. Let
s,l € T, U%w, the sequence [ monotone and let m € w be minimal so that
s(l(m)) is undefined, that is so that m>|l| or |s| >1(m). The composition of
the sequences s and [ is the sequence sol of length m for which (sol) (i) =s(1(7))
for all : € m. (That is, composition of sequences is just function composition.)

It follows that the sequence sol is the subsequence of all of those entries
s; of s for which ¢ is an entry of [. Which is of course the same as the
subsequence obtained from s by removing all the entries with indices not
in [. .

Let S be a set of sequences. The sequence levels(S) is obtained by ordering
the elements of the set levels(S):={|s||s€ S} in strictly increasing order.

If S is a set of sequences and [ monotone then Sol:={sol|s€ S}. Note

that the subsequence SOI?VEI_S)(S ) is obtained from s by removing all of those
entries s; for which there is no element t € S with |t|=4. ( If i €w and s
a sequence with ¢ > |s| then the sequence obtained from s by removing the
entry with index 7 is s.)

Let S C %,. The function vg of S to Tw given by vg(z) = x o
lw_gl_s)(closure(S)) is the normal function of S. For i € w let vg; be the
function which removes from every element x € S the entry with index 7. It
follows that vg can be expressed as a product vg=1vg, i, 1 OVS, s, »°
~++0Ugy iy OVs, i With So=5 and 7; some number not in levels(closure(S;;))
and Sj41=vs, ;;(5;) for all jen.

Example 3.1. Let S:={(3,1),(3,1,0,5),(3,1,2,4,6) }.

— —

Then S is closed and levels(closure(S)) = levels(S) = (2,4,5) := [ and
hence vs[S] = {(),(0),(2,6)} = Sol. Then vg3={(3,1),(3,1,0),(3,1,2,6)}.
Let R:=wvg3 and P:=vpr; = {(3),(3,0),(3,2,6)}. Then we obtain finally
vpo={(), (0}, (2,6)} = vsS].

Note that the function vg:5— %, is an injection. For assume that s,t€ .S
with s#¢. If {s,t} is an antichain then s(|sAt|)#t(|sAt) and both s(|sAt|)
and t(|sAt|) are defined. Hence vg(s) # vg(t). If s Ct then sAt=s and s
does not have an entry with index |s| while ¢ does have an entry with index

|s|. Hence vg(s)#vg(t).
Example 3.2. Let S={(3,1,0,5),(3,2,1,1)}.
Then levels(S)=(4):=[ and (3,1,0,5)0l=( )=(3,2,1,1)ol.

Definition 3.1. Let R,SC%, be two sets of sequences. The function f of
R to S is a strong similarity of R to S if for all z,y,z,u€ R:



N =

COLORING SUBGRAPHS OF THE RADO GRAPH 239

f is a bijection.
Ay CzAu if and only if f(z)A f(y) Cf(2)A f(u).
(

[z Ayl <|zAul if and only if | f(z) A f (y)[ <[f(2) A f(u)].
If [2|> [z Ay| then z(Jz Ay)|=f(2)(If (2) A f(y)))-

The sets R and S of sequences are strongly similar if there is a strong

similarity of R to S. We write R~ S to indicate that R and S are strongly
similar. If S CT and f is a strong similarity of R to S then f is a strong
similarity embedding of R into T and S is a strong similarity copy of R in T.

The notion of strongly similar sets of sequences is central to this paper.

If F is a subset of the set R of sequences then Simsg(F) is the set of all
subsets of R which are strongly similar to F.

As an easy consequence of the definition of strong similarity we obtain

the following Lemma:

Lemma 3.1. Let R,S,C,D C%,, be sets of sequences and f a strong simi-
larity of R to S then:

1.
2.
3.

10.
11.

f is a similarity of R to S.

If x,y,z,u€ R then x N\y=zAw if and only if f(z)N\ f(y)=Ff(2)A f(u).
The strong similarity f has a unique extension f’ to a strong similarity
of closure(R) to closure(S) via f'(x Ay) = f(z)A f(y) and f" is a meet
preserving function of R.

If R and S are meet closed then f is a meet preserving bijection of R
to S.

The product of strong similarities is a strong similarity and the inverse
of a strong similarity is a strong similarity.

If Q C R then the restriction of f to Q is a strong similarity of Q to f[Q].
If i ¢levels(closure(C')) then vc; is a strong similarity and
ve,ilclosure(C')] = closure(vc;[C]).

The function v¢ is a strong similarity and

ve|[closure(C)] = closure(vo[C]).

If CC %, is meet closed and Z:Icw—els)(C’) and s,r € C then s=r if and
only if vo(s)=ve(r) if and only if sol=rol.

If R=vR[R] and S=vg|S] then R=S and f is the identity map on R.
A bijection g of C' to D is a strong similarity if and only if

g=vp ovo
if and only if

— —
7 o levels(closure(C)) = g(r) o levels(closure(D)) for all r € C.



240 N. W. SAUER

12. The sets C' and D of sequences are strongly similar if and only if

- -
C o levels(closure(C)) = D o levels(closure(D)).

13. There is at most one strong similarity of R to S.
14. The set C' of sequences is strongly similar to the set D of sequences if
and only if vo[C|=vp[D).

Definition 3.2. The set F'C ¥, of sequences is strongly diagonal if it is an
antichain and closure(F') is transversal and for all z,y,z € F' with x #y:

1. |[xAy|<|z| and Ay ¢ z implies z(|z Ay|) =0.
2. z(|lzAy|)e{0,1}.

It follows that every subset of a strongly diagonal set is strongly diagonal.
Note that Item 2. of Definition 3.2 implies that the degree of every element
of closure(F) is at most two and hence that every strongly diagonal set is
diagonal.

Lemma 3.2. Let F' be a diagonal subset of T,,. If f is a function of F to
T, so that for all x,y,z,ucF

(1) [z Ayl <[z Au| implies | f(x) A f(y)] <[f(z) A f(u)|
then f[F) is diagonal and for all x,y,z,u€ F:

L Af(@)Af(y)l <[f () A f(w)] implies |z Ay|<|zAul.
2. xANyCzAw if and only if f(z)A f(y)C f(z)A f(u).

Proof. That f is an injection and closure(f[F]) transversal and that the
degree of every element in closure( f[F]) is at most two follows easily. The
set f[F] is an antichain because if 2 #y are elements of the antichain F' then
|z Ay| < |z| and |z Ay| < |y| and hence we obtain from condition (1) that
@) A () <If ()] and [F(@) A ()< 1f ()]

Let |f(z) A f(y)| < |f(2) A f(u)| and assume for a contradiction that
|z Ay|=|zAu|. Then z#y and z#wu because closure(F') transversal. If r==2
then |zAy|=|rAu| and y#u and |z Ay|<|uAy| because the degree of x Ay
in F' is at most two. It follows that |f(z)A f(y)| <|f(u)A f(y)| and hence
lf(x)A fy)| = |f(x) A f(u)]. If the z,y,z,u are pairwise different we may
assume without loss that |z Ay|<|zAz| and |z Ay|<|uAy|, which using (1)
implies | () A £ (4)| < /(@) Af ()] and [£(2) A F()] < | (u) A f ()], which in
turn implies that |[f(z)A f(y)|=|f(2) A f(w)|.

Let zAyCz. If x=y=z then f(z)A f(y)C f(2) follows. Otherwise z#vy
and the degree of z Ay in closure(F) is two and z Ay C z because F' is an
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antichain and the degree of Ay is at most two. The fact that the degree of
xAy is two and xAy C z imply that xAy CxAz or xAy CyAz. Say, Ay CxAz,
which implies due to condition (1) that |f(x)A f(y)|<|f(x)A f(z)| which in
turn implies f(z)A f(y) C f(z)A f(z)C f(2).

If tAyCzAwu then Ay Cz and x Ay Cu and hence f(z)A f(y) C f(2)
and f(2) A f(y) C f(u) and hence f(z) A f(y) C f(2) A ().

If f(x)Af(y) C f(2) then x Ay C z because the set f[F] of sequences and
the function f~! satisfy the conditions of the Lemma. |

Lemma 3.3. Let I'C ¥, be a strongly diagonal set and f a strong similarity
embedding of F' into ¥,. Then f[F] is a strongly diagonal set.

Proof. The strongly diagonal set F' of sequences and the strong similarity
f satisfy the conditions of Lemma 3.2. Hence f[F] is diagonal. Item 1. of
Definition 3.2 follows from Item 4. of Definition 3.1 together with Item 2. of
Lemma 3.2. Item 2. of Definition 3.2 follows from Item 4. of Definition 3.1. i

Lemma 3.4. Let F C %, be a diagonal set and f a function of F into
To. The function f is a strong similarity embedding if and only if for all
x,y, 2z, u€F:

1. |z Ayl <|zAu| implies |f(z) A f(y)| <|f(2) A f(u)l.
2. If [z[ > |z Ayl then z(la Ayl) = f(2)(|f(2) A f(y)])-

Proof. Item 1. implies that f is a bijection and Items 2. and 3. of Defini-
tion 3.1 follow from Lemma 3.2 and Item 4. is the present Item 2. |

Definition 3.3. Let S and T be two subsets of T,,. The injection f of S to
T is a strong diagonalization of S to T if for all x,y,z,u€S:

1. The set of sequences f[S] is strongly diagonal.

|z Ayl <|zAu| implies |f(z) A f(y)| <[f(2) A f(u)].
- 2] > [y[ then 2(|y[) = f(z)([f(y)])-

4. If <y then f(x)=<f(y).

W N

Lemma 3.5. Let f be a similarity of the diagonal set F' to 1, and x,y,z,u €
F'. Then

ANy CzAwuif and only if f(x) A f(y) C f(z) A f(u).
Proof. Follows readily from Lemma 3.2. 1

Definition 3.4. Let 5,7 C ¥,. The function f : S — T is a strong 0-
morphism if for every strongly diagonal subset F' of S the restriction of
f to F is a strong similarity embedding of F' into T
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Definition 3.5. Let S, T C%,. The function f:S —T is a 0-morphism if
for every diagonal subset F' of S the restriction of f to F is a similarity
embedding of F' into T

Lemma 3.6. If f is a similarity of the strongly diagonal set I to the
strongly diagonal set G then f is a strong similarity.

Proof. Let f be a similarity of S to T" and F a strongly diagonal subset
of S. We have to verify Item 4. of Definition 3.1. Let |z| > |z Ay|. f z =y
then Item 4. of Definition 3.1 follows from Item 4. of Definition 2.4.

If r#y and zAy ¢ z then z(|x Ay|) =0 because F is strongly diagonal. It
follows from Lemma 3.5 that f(z)A f(y) Z f(z) and hence that f(z)(|f(z)A
f(@)|])=0because f[F]=G is strongly diagonal. (f(x)Af(y)# f(z) otherwise
f[F] would not be an antichain.)

If x #y and x Ay C z. Then {z(lx Ay|),y(Jxr Ay|)} ={0,1} and y Z =
and x ¢ y because F' is an antichain. We may assume without loss that

z(|lz Ayl) =0 and y(|x Ay|) = 1. Hence x < y and we obtain from Def-
inition 2.4 that f(x) < f(y). Because G is strongly diagonal it follows

that {f(2)(|f(2) AfW)D), f@)(1f (@) Af(y)])} = {0,1} which together with
f(2) < f(y) implies f(z)(|f(z)Af(y)])=0and f(y)(|f(x)Af(y)])=1. Finally
w(lenyl)=f@) (| (@) A fY)]) and y(|zAyl)=fy)(Lf (@) A fy))-

It follows from |z| > |zAy| and the fact that the degree of |[zAy|in F is two
that z(JzAy|) =z (lznyl) or z(|eAy[=y(|lzAy]). Say z(|zAy|) =2(|zAy]). Then
it follows from the fact that the degree of xAy is two that x Ay C zAz. Using
Lemma 3.5 and Item 3. of Definition 2.4 we obtain f(x)A f(y)C f(2)A f(x)
which in turn implies that f(x)(|f(2) A f(y)]) = F(2)(|f (@) A f(y)])-

Hence z(|lz Ayl)==z(lz Ay|)=f(2)(If (@) Af D) =FE)(f @AW 1

Lemma 3.7. Every strong diagonalization is a 0-morphism.

Proof. Let f be a strong diagonalization of S to 7" and F' a diagonal subset
of S. Item 2. of Definition 2.4 follows from Item 2. of Lemma 3.2 and Item 3.
of Definition 2.4 from Item 1. of Lemma 3.2.

Item 4. of Definition 2.4 follows from Item 3. of Definition 3.3. Item 5. of
Definition 2.4 follows from Item 4. of Definition 3.3. |

Corollary 3.1. If FC ¥, is diagonal and f a strong diagonalization of F
into T, then f[F] is strongly diagonal and F ~ f[F].

Corollary 3.2. Every strong diagonalization is a strong 0-morphism.

Proof. Follows from Lemma 3.6 and Lemma 3.7. ]

The following Lemma is easily checked.
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Lemma 3.8. If f is a strong similarity of R to S and g a strong diagonal-
ization of S to T then go f is a strong diagonalization of R to T. If f is a
strong diagonalization of R to S and g a strong similarity of S to T then
go f is a strong diagonalization of R to T

4. The strong diagonalization theorem

Definition 4.1. The w-tree T is wide, if:

a. teT implies (t;0)€T and (t;1)€T.

b. ien€w and (t;n) €T implies (t;i) €T

c. If s,t €T and |s| < |t| then the degree of s€T is less than or equal to the
degree of ¢ in T.

There are three ways of understanding the proof of the following Theo-
rem 4.1. The first is to study the definition of strong diagonalization carefully
and then to see that there is certainly enough room in a wide omega tree T'
to accommodate a strong diagonalization of T" into T". The second one is to
read the proof of Theorem 4.1 to the end of the construction of the function
f and then to see that there is certainly enough room in a wide omega tree
T to proceed with an induction argument. The third one is to read through
the gory details.

Theorem 4.1. Let T' be a wide w-tree and D a cofinal subset of T'. Then
there exists a strong diagonalization f of T into D.

Proof. For n€w let T(n) CT be the set of sequences of length n and let
T(<n) be the set of sequences in T of length at most n. Note that the root
of T is the empty sequence (), that 7'(0)={()} and that 7°(1) is the set of
sequences in 17" which contain exactly one element.

We will use the notation f[T'(n)]:={f(s)|s€T(n)} and for SRCT
and n € w the expression S < R to mean |s| < |r| for all s€ .S and r € R
and S <n < R to mean that |s| <n < |r| for all s€S and reR. If s is an
immediate successor of ¢ then ¢ is the immediate predecessor of s. We denote
the immediate predecessor of a sequence s by s.

We will construct the function f so that it is a strong diagonalization of
T into D and a function g of T\ {()} into T" and a number [(n) for every
n €w which satisfy the following conditions:

i |s|<|f(s)| for all seT.

i g[T()]<1(0) < f(() <g[T2)]<U(1) < fIT(1)] <g[T(3)]<I(2) and
gT(n+1)] <l(n) < f[T(n)] <g[T(n+2)] <lin+1) < f[T(n+1)] <
<g[T(n+3)] <ln+2) < f[T(n+2)]
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iii. If se€T and |s| > 1 then g(s) is a predecessor of f(s) with g(s)=f($)Af(s)
and f($)(lg(s)])=0 and f(s)(|g(s)|)=1. (To satisfy this condition we use
Definition 4.1 of wide w-tree.)

iv. If |s|=|t| and s<t then |f(s)|<|f(t)| and |g(s)|>|g(t)| and f(s)Af(t)=
9(5) Aglt).

v. For all n € w. The difference between [(n) and the largest element in
{|f(@®)]||t€T(n)} is larger than the number of elements in T'(n+2).

vi. Let s€T(n+1) and n € w. Then |f(s)| > l(n) and the entry f(s)(i) of
the sequence f(s) is 0 for all indices ¢ with |g(s)| <i<I(n), unless there
exists t € T'(n) with |f(t)| =1 in which case f(s)(2)=f(s)(|f(t)])=s(]t])-
(To satisfy this condition we use Definition 4.1 of wide w-tree.) The first
[(0) entries of of the sequence f(()) are 0.

Let {(0) =|T'(1)|+1 and f(()) be a sequence in D with [f(({))| > {(0)
and so that it’s first [(0) entries are equal to 0. Let g[T'(1)] be the set of
predecessors of f(()) so that g[T'(1)] <I(0) and if s,t€T'(1) with s <t then
lg(s)|>|g(t)|]- Note that the functions f and g defined so far satisfy Items i.
to vi.

If the function f is given on T(< n) and the function g is given on
T(<n+1) and the function [ is given on all numbers <n and if they and
satisfy Items i. to vi. we extend the functions f and g and [ as follows.

Let [(n+1) be a number which satisfies Item v.

Then we determine for every s € T'(n+ 1) a sequence f(s) € D so that
all of those choices satisfy Items i., ii., iii., iv. and vi. That is, we choose
the sequence f(s) to be a successor of g(s) so that f(|g(s)|) =1, then the
next entries so that f(s) satisfies Item vi. and long enough to satisfy Item ii.
We make sure that if s <¢ then [f(s)| <|f(¢)|. Then it follows that f(3)A
f(s)=g(s) because g(s) is a predecessor of f($) with f($)(]g(s)]) =0 and
we have chosen f(s) to be a successor of g(s) with f(s)(Jg(s)| = 1. That
Fs)Nf(t)=g(s)Ng(t) we see as follows:

Item iv. implies that if § ## then f(3)A f({) = g($) Ag(f) and hence we
get from Item ii. that |f($)A f(£)]<I(n—1). Hence g(s) Z g(t) Z g(s). If 5=1
let s <t and hence |g(s)| > |g(t)|. Then g(s)(|g(t)]) = f(3)(|g(t)]) =0 and
f(s)(lg@)) =0 and f(t)(lg(t)])=1. Hence f(s)A[f(t)=g(t)=g(s) Ag(t).

Finally we determine for every s €T (n+2) a predecessor g(s) of f($) so
that those choices satisfy Items ii. and iv. Note that f(s)(]g(s)|)=0 because
g(s) is a predecessor of f($) and we have chosen f($) so that all entries with
with index in between g¢(s) and I(n+1) are 0. Hence Item iii. follows.

We procede with this construction and obtain functions f and g of T to
D and a function [ of w to w which satisfy Items i. to vi. It follows that
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closure(f[T])= f[T]Ug[T] and f[T]Ng[T]=0 and from Items ii. and iv. that
f is an injection.

Claim 1. The functions f and g satisfy:

g(t) if|s|]=1[t| >1and s =% and s < t,
f(3) A f(t) if|s| =[t| > 1 and 5 # {,

FE AT ifls|>1and s £t e T(<|s| - 1),
9(s) if|s| >1andt=3.

fls) N f(E) =

Proof of Claim 1. Let |s| = [t| > 1 and § = { and s < t. Then, from
Item iv., f(s)A f(t)=g(s)Ag(t) and |g(s)| > |g(t)|. Because, Item iii., both
g(s) and g(t) are predecessors of f($), they are ordered under C and hence
g(s)Ag(t)=g(t). .

Let |s|=|t|>1 and $#¢t. Then f(s)A f(t)=g(s)Ag(t). Because g(s) is a
predecessor of f($) and g(t) is a predecessor of f(#) and g(s)# g(t) it follows
that g(s) Ag(t)=F(3) N f(1).

Let [s|>1 and s#AteT(<|s|—1). If [t|=]|s| —1=4¢ then |f($)A f(t)|=
lg($)Ag(t)] <|g(s)|, from Ttem ii. This together with f($)Af(s)=g(s) implies
that f(s)Af(t)=f($)Af(t). If |t| <|s|—1 then we obtain from Item ii. that
FEATBI<IO1< (5]

The last case follows directly from Item iii. |
Claim 2. If s,t €T with s#t then f(s)A f(t) € g[T]. Also closure(f[T]) =
fIT1Ug[T] and f[T]Ng[T]=0.

Proof of Claim 2. The claim f(s)Af(t) € g[T] follows readily from Claim 1
by induction on max(|s|,|¢|). Item ii. implies f[T]Ng[T]=0. 1

Claim 3. Let n€w. If f restricted to T(<n) is a strong diagonalization of
T(<n) into T then f restricted to T(<n+1) is a strong diagonalization of
T(<n+1) into T.

Proof of Claim 3. Assume that f restricted to T'(<n) is a strong diago-
nalization of T'(<n) into T.

The set f[T(<n+1)] of sequences is strongly diagonal:

It follows from Items ii. and iv. that closure(f[T]) = f[T"|Ug[T] is transver-
sal.

If there are sequences s,t € T(<n+1) with s#¢ and f(t) C f(s) then
ft)=f(s)Af(t)€g[T] according to and in contradiction to Claim 2. Hence
f[T] is an antichain.

Let 2,3 €T(< mt1) with &£y and | f () ()] <|f(5)] and (@A) ¢
7(s).
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Let se€T(n+1). If [f(x) A f(y)| <|g(s)| then f(z)Af(y) £ f(3) and hence
F)f@) N FW) = FE)f (@) Af(y)l) = 0. I [f(z) A f(y)l = |g(s)| then
f(@)A f(y)=g(t) for some t €T (n+1) with s#t because f(z)A f(y)Z f(s).
We have f(s)(|g(t)|) =0 from Item vi. and the fact that closure(f[T]) is
transversal.

Let s€T(<n) and not both x,y € T'(n+1) with & =17. Because |f(x)A
f()| < |f(s)| it can not be the case that one of x and y, say y, is an
element of T'(n+1) and x = y. Hence it follows from Claim 1, that there
are sequences ',y € T(< n) so that f(z)A f(y) = f(2') A f(y'). Hence
F)(1F@) A F@)) = FE)(F () A @) =0 becanse JIT(< )] is strongly
diagonal.

Let s € T(<n) and |z| = |y| € T(n+1) and & =y and x < y. Then
f(x)Af(y)=g(y) according to Claim 1. It follows from Items ii. and vi. that
F(s)(1g(y))) =0.

Finally, in order to show that f[T] is strongly diagonal we have to prove
that f(z)(|f(x)A f(y)])€{0,1} if f(z)# f(y). If one of = and y, say y, is an
element of T'(n+1) and z=g then f(x)Af(y)=g(y) and f(z)(]g(y)])=0 and
F@W)(g(y)]) =1 according to Item iii. Let z,y € T(n+1) with z=g. If x <y
then f(x)A f(y)=g(y) and f(x)(]g(y)|) =0 from Item vi. and the fact that
closure(f[T1]) is transversal. Accordint to Item iii. we have f(y)(|g(y)|)=1.

In all other cases it follows from Claim 1, that there are sequences z’,1y’ €
T(<n) with f(z)Af(y)=f(&)Nf(y') and f(@")(|f(@)Af(@)]) = f (@) (1f(2)A
@) and f)/([f ()AL G)D)=F@)1f (@) A f@)D)-

For seT(<n+1)let sS:=sif s€eT(<n) and let 5=35if s€ T (n+1).
It follows that if |z Ay| <n then f(z)A f(y) = f(@)A f(y). For if z and y
are sequences in T'(<n) then f(Z)= f(z) and f(y)=f(y). f x €T (n+1)
and y € T(< n) then f(T)A f(@) = f(@)A f(y) = f(x) A f(y) according to
Claim 1 unless y =& in which case [z Ay|=|z|=n. If z,y € T(n+1) then
F@INf@) =f@)ANf(G)=f(x)A f(y) according to Claim 1, unless =g in
which case xt Ay=x if z =y and if x #y then z Ay=1. Hence in any case
|z Ay|>n. Note that if [z Ay|<n then x Ay=TAT.

In order to establish Item 2. of the definition of strong diagonalization
let |z Ay|<|zAul.

If |t Ay|<n and |z Au|<n then [TAT|<|ZAT| and hence |f(z)A f(y)|=
@A F@I<IFEAF@I =) A fw)

If z=ueT(n) and |zAy| <n then [TAY| = |zAy| <|z|. Hence |f(x)Af(y)|=
lf@ANf@)|<|f(z)Af(2)]. If z=ueT(n+1) and [z Ay|<n and z#y then
because f(x)A f(y) € g[T] it follows from Item ii. that |f(z)A f(y)|<|f(2)].
If z=ueT(n+1) and [z Ay|<n and x =y then |f(x)| <|f(y)| follows from
Ttem ii.
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If |zAu|>n and z#u then either z€T(n+1) and u=2 or ueT(n+1)
and z=1u or z,u€T(n+1) and Z=1. In either case there is s € {z,u} with
s€T(n+1) and |g(s)| <|f(2)Af(u)]. If z=y with |z|<n then |f(z)|<|g(s)]|
according to Item ii. If [xAy|<n and x#y then |f(z)Af(y)|=|f(Z)Af([@)]
It follows from |xAy|<n that n>1 and because f(Z)A f(7) € g[T] we obtain
from Item ii. that | f(Z)Af(7)| <l(n—1). Item ii. implies that |g(s)|>1(n—1)
because s€T(n+1).

If [t Ayl >n and |zAu| >n then |z Ay|=n and |zAu|=n+ 1. Hence
z=ueT(n+1). If z=yeT(n) then |f(z)| <|f(z)| from Item ii. If x #y
then =g or & =y or £ =9. If z =9 then f(x)A f(y) =g(y) according to
Item iii. and we get |g(y)| < |f(2)| from Item ii. If & =y and = < y then
f(z)A f(y)=g(y) according to Claim 1.

Let |z| > |y|, then |f(z)] > |f(y)|. We wish to prove that z(|y|) =
f(@)(|f(y)]). In the case that z € T[<n] equality z(|y|)= f(x)(|f(y)|) follows
from the fact that f restricted to T'(< n) is a strong diagonalization. Let
x€T(n+1) and y€T'(n). Then z(|y|) = f(x)(|f(y)|) follows from Item vi. Let
ze€T(n+1) and yeT(<n). Then z(Jy|)=2(|y|) and f(z)A f(z)=g(z) from
Ttom ii. with |g(x)| > |/ (y)] from Trem ii. Hence F(x)(1f(y)])= /() (3)])-
We get z(|y[) =2 (ly[) = f(@)(If ()]) = F (@) (| (»))-

Let x <y, then = and y are incomparable under C. If z,y € T(<n) then
f(z) < f(y) follows from the fact that f restricted to T'(< n) is a strong
diagonalization.

If €T (n+1) and ye€T(<n) then we get from Claim 1 and the fact that
z#y that f(x)Af(y)=f(2)Af(y). This implies, together with Item ii. that
lg(x)| > |f(z) A f(y)|. Hence z <y implies & <y implies f(&) < f(y) implies
g(x) < f(y) implies f(x)< f(y). The case x€T(<n) and y€T(n+1) is dual.

If z,yeT(n+1) and & # 9y then x <y implies & <y implies f(z) < f(7y)
implies g(x) < g(y) implies f(x) < f(y). That f(&) < f(y) implies g(z) <g(y)
follows if both |g(x)| and |g(y)| are larger than |f(&)A f(y)|. This is the case
because f(x)Af(y)€g[T(<n)| and g[T'(n)]<l(n—1)<g[T(n+1)] according
to Item ii. and because g(z),g(y) € g[T'(n+1)].

If & = g then it follows from = < y that |g(x)| > |g(y)| according to
Item iv. The sequences g(z) and g(y) are predecessors of the sequence f(1)
with f(z) A f() = g(x) and f(y) A f(&) = g(y). Hence f(x) A f(y) =g(y) =
FOINF )= F@)Af(y). We have f(x)(|f (@) Af(y)]) = f(@)(|f(@)Af(y)])
LS @A @)D= @) g =0 and f(y)(|f (@)Af W)) = f(y)(g(y)=1.

Because f restricted to {()} is a strong diagonalization, Claim 3 implies
that f restricted to T'(n) for every n € w is a strong diagonalization, which
in turn implies that f is a strong diagonalization. |
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5. On Milliken’s result

Theorem 5.1 and Theorem 5.2 are due to K. Milliken, see [6]. We prove
Theorem 5.2 as a consequence of Theorem 5.1 because we need it stated in
our notation and the translation from the notation in Millikens paper is a
bit cumbersome. Also, we think that the proof provided here is preferable.

The set T of sequences is closed by levels if for every t€T and s Ct with
|s| €levels(T") the sequence s is an element of T

Let T be a meet closed set of sequences which is also closed by levels and
let new+1. The set SCT is an element of Str"(T) if:

o |levels(S)|=n.
e S is meet closed and closed by levels.

e For all s€ S, the degree of s in S is equal to the degree of s in T, unless
levels(S) has a maximum which is equal to |s|.

Note that if S€Str"(T") and Re Str™(S) then ReStr™(T).

Theorem 5.1 (Milliken). Let m,n€w and T be an w-tree. If

st™(T) = |J C;
€M
then there is k€m and
S e St (T)

with
StI‘n<S) Q Ck

The elements of U, ¢, 1 Str"(T') are the strong subsets of T

Let S be a meet closed finite subset of an w-tree T' with n = |levels(.5)].
A cover C of S in T is an element of Str"(7") so that SCC and levels(S)=
levels(C'). Note that if C' is a cover of S then vg[S]C v |[C].

Lemma 5.1. Let SX R be two meet closed subsets of an w-tree T'. If there
exists a subset C' of T' which is a cover of S and a cover of R then S=R.

Proof. We have levels(S) = levels(C) = lev—els)(R) :=1 and vg[S] =vRr[R] C
vo|[C] from Item 14. of Lemma 3.1. It suffices to show that if s€ S and r€ R
with sol=rol then s=r. This is the case according to Lemma 3.1 Item 9.
because C' is meet closed. |

Lemma 5.2. Let T be an w-tree and S a finite meet closed subset of T.
Then there exists a cover C of S in T.
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Proof. Let R be a meet closed subset of T" and lev—els)(R) = (lo,l1,---yln—1)
for some n € w and let r € R with |r| = for some k <n—1. Let N Cw
so that for every i € n there is s € R with (r;i) Cs. Let j € w\ N and
a € T so that |a| = l+1 and (r;j) € a. Then RU{a} is meet closed and
—_ ——

levels(R)=levels(RU{a}).

We say that RU{a} is constructed by degree completion. The set R is
degree complete if there is no a € T so that RUa can be constructed by degree
completion. Note that if R is degree complete then it has the property that
for all r € R, the degree of r in R is equal to the degree of r in 7', unless
|’I”’ = ln,1 .

Let r € R and |r| > i €w so that the initial segment a of r with |a|=1; is not

—_ —
an element of R. Then RU{a} is meet closed and levels(R)=levels(RU{a}).
We say that RU{a} is constructed by level completion. Note that if there
is no a €T so that RUa can be constructed by level completion then R is
closed by levels.

It follows that if R is degree complete and closed by levels then R is a
strong subset of T.

Because R has finitely many levels and the degree of every element of T'
is finite there is a subset C' of T' with S C C and which is constructed from
S via a sequence of successive level completions and degree completions and

- -
which is closed by levels and degree complete. Because levels(C') =levels(S)
it follows that C € Str™(T). |

Theorem 5.2. Let F €%, be finite and meet closed, m € w and T be an
w-tree. If
Simsp (F') = U C;
iEm
then there is k€ m and
S e Str*(T)

with
Simsg(F') C C.

Proof. Let n:= |1ev—els>(F)| According to Lemma 5.2 there is a cover f(G)
for every G € Simsp(F) of F and because of Lemma 5.1 the function f is an
injection. Let A=Str"(T)\ f[Simsy(F)] and Cj:= f[Co]UA and C; = f[C;]
for 1<i<m. Then Str™(T)=U,;c,, C;"-

According to Milliken’s Theorem there is k€ m and S € Str*(T") so that
Str"(S) C Cj. Because f is an injection it follows that Simsg(F') C C. |
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6. The partition result for strong diagonalization’s

Lemma 6.1. Let F,G be two strongly diagonal sets. Then F < G if and only
if closure(F) X closure(G) and F =G if and only if closure(F') = closure(G).

Proof. Let ' X G. Tt follows from Lemma 3.1 Item 3. that closure(F) <
closure(G). Let closure(F) ~ closure(G). Then F is the set of endpoints of
closure(F') and G the set of endpoints of closure(G). Checking Definition 3.1
we see that FRG.

If F=G then clearly closure(F) = closure(G). If closure(F') = closure(Q)
then F'=G because F is the set of endpoints of closure(F') =closure(G) and
so is G. |

Theorem 6.1. Let F €%, be strongly diagonal, m€w and l' be an w-tree.
If
Simsp(F) = U C;

em
then there is k€ m and
S e Str¥(T)
with
Simsg(F') C Cy.
Proof. Follows from Theorem 5.2 and Lemma 6.1. ]

Lemma 6.2. Let f be a strong diagonalization of the wide w-tree T and
G a subset of f[T] so that f~'[G] is a strongly diagonal subset of T. Then

G Fa).

Proof. It follows from Corollary 3.1 that f~![G]~ f[f~![G]]=G and from
Lemma 3.6 that G~ f~1[G]. |

Corollary 6.1. Let f be a strong diagonalization of the wide w-tree T
and let F,G be two finite subsets of f[T] with f~![F] and f~1[G] strongly
diagonal. Then f~'[F]X f~1[G] if and only if FXG.

Lemma 6.3. Let T' be a wide w-tree and S € Str¥(T"). Then there exists a
strong similarity embedding of T' into S.

Proof. The following Claim establishes the Lemma.

Claim. If f is a strong similarity embedding of T'(<n) for some 1 <n€w,
that is if f is a strong similarity embedding of the union of the first n levels of
T into S, then there is an extension f' of f to a strong similarity embedding
of T(<n) into S.
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Proof of Claim. Note that |f(z)| > |z| for every € T(< n) and hence
because T is a wide w-tree the degree of f(x) in T is larger than or equal to
the degree of x in T'. Let 2 € T'(n—1) with k; equal to the degree of x. Then
{{f(x);i)|i€k,} is a subset of the set of all immediate successors of f(z).

For every i € k; there is a unique element y; , € S so that (f(z);i) Cyi,
and if z€ S with (f(x);7) Cz then y; , C z. It follows from the definition of
Str¥(T) and the fact that the strong similarity f maps all elements of L,_1
into the same level of S and hence into the same level of T', that |y; »|=|y;,-|
forall ick,,j€k, and x,z€T(n—1).

Let f’ be the extension of f to R with f((z;i))=y;, for all z€T(n—1)
and i € k. Then f’ is a strong similarity embedding of T'(<n) into S. 1

Theorem 6.2. Let T be a wide w-tree, let f be a strong diagonalization
of T, let A be a finite subset of f[T] and CoUC1U---UC,,—1=Simsyr)(A) be
a partition of Sims 7y (A). Then there is k€ m and a strong diagonalization
g of T with g[f[T]]C f[T] so that

Simsgofm (A) C C.

Proof. Let M be the set of elements F' in Sims7(A) so that f~![F] is
strongly diagonal. For i € m —1 let D; := {f~'[C] | C € C;n M} and put
D1 :={fYC] | C € Cpi1NnM)}U (Simsp(A)\ {fL[C] | C € M}. Then
Dy, Dy,...,Dy,—1 is a partition of Simsy(A).

Using Theorem 6.1 there is S € Str*(T") and k€ m with Simsg(A) C Dy.
According to Lemma 6.3 there exists a strong similarity embedding h of T’
into S. Let V = f[S]. It follows from Lemma 6.2 and the definition of V' that
if FeM and FFCV then Fe(C}.

Let g := foh then g is a strong diagonalization of T according to
Lemma 3.8 and maps f[T] into f[T] and go f[T] = foho f[T]:=W CV.
The function ho f is a strong diagonalization of 1" according to Lemma 3.8.
Hence if F € Simsyy (A) then f~1[F] € ho f[T] is strongly diagonal and it
follows that F € M which in turn implies that '€ C}. ]

Theorem 6.3. Let D be a cofinal subset of the wide w-tree T and A a
finite strongly diagonal subset of D. Let CoUC1U---UC),—1=Simsp(A) be
a partition of Simsp(A). Then there is k € m and a strong diagonalization
h of T into D so that

Simsy,p)(A) € Ck -

Proof. Let f be a strong diagonalization of T into D and for ¢ € m let
Ci={FeC;| FC f[T]}. It follows that CLUC]U---UC}, | =Simsg7|(A) is
a partition of Simsy(7)(A). According to Theorem 6.2 there exists a number
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k€ m and a strong diagonalization g of T with g[f[T]] C f[T] C D so that
Simsge 71 (A) CCy. Let h=go f. [

Theorem 6.4. Let D be a cofinal subset of the wide w-tree T" and A a finite
diagonal subset of D. Let CoUC1U---UC,,—1 =Simp(A) be a partition of
Simp(A). Then there is k€m and a strong diagonalization h of T so that

Simh[D} (A) C (.

Proof. Let f be a strong diagonalization of T into D. It follows from
Corollary 3.1 that A" = f[A] is strongly diagonal with A" ~ A. Then
SimD (A) = SimD(A’).

For iemlet C/ ={F € C; | F C f[T]}. It follows that C,UC]U---U
C},—1 = Simyp(A’) is a partition of Simgy7(A"). Tt follows from the fact
that f[T] is strongly diagonal and from Lemma 3.6 that Sims(A’) =
Sim fy(A’). According to Theorem 6.2 there exists a number k€ m and a
strong diagonalization g of T with g[f[T]] C f[T] € D so that Sims sy (A’) €
Cy. Let h=gof.

7. Proof of Theorem 2.1

Theorem 2.1. Let U= (U;£) be a universal countable binary relational
structure and F' a finite diagonal subset of U. Let Cy,C1,...,Cpr—1 be a
partition of Simy (F') into equivalence classes.

Then there exists k € m and a diagonalization f of U into U so that
Simf[U] (F)CCy.

Proof. Let F be a universal constraint set and U = Ug the universal ho-
mogeneous structures satisfying the constraints F. Let |F|=k€w and A a
bijection of F to k and let (u;;7€w) be an enumeration of the elements of U.
Let T be the regular w-tree of degree k and I the relational structure with
base set T' so that the function ¢ described in Section 2 is an isomorphic
embedding of Uy into Tg.

Then o[U] is a cofinal subset of 7. We see this as follows:

Let s = (s0,81,...,8p—1) € T. Let & be an element not in U and A =
({u; |i e nfu{x};£) be a relational structure in language £ and base set
{uilien}U{z} so that A restricted to {u;|i€n} is equal to U restricted to
{ui|i€n} and so that A\(F)=s; where F € F is isomorphic the restriction of
A to {u;,z}. Then A is an element of the age of Up.

We obtain, from the mapping extension property of Ug, an embedding
f of A into Ug which is the identity on the set {u;|i€n}. Let f(z)=u;.
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Note that [ >n because f is an injection. It follows that s is a predecessor
of o(f(z))=0(w)€c[U] and hence that o[U] is cofinal in 7.

[10]

Theorem 2.1 follows now from Theorem 6.4. ]
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